Conformally invariant wave equation for a symmetric second rank tensor
  ("spin-2") in d-dimensional curved background by Achour, J. Ben et al.
ar
X
iv
:1
31
1.
31
24
v3
  [
gr
-q
c] 
 27
 M
ar 
20
14
Conformally invariant wave equation for a symmetric second rank tensor (“spin-2”) in
d-dimensional curved background.
J. Ben Achour1, E. Huguet1, and J. Renaud2
1 - Universite´ Paris Diderot-Paris 7, APC-Astroparticule et Cosmologie (UMR-CNRS 7164),
Batiment Condorcet, 10 rue Alice Domon et Le´onie Duquet, F-75205 Paris Cedex 13, France.
2 - Universite´ Paris-Est, APC-Astroparticule et Cosmologie (UMR-CNRS 7164),
Batiment Condorcet, 10 rue Alice Domon et Le´onie Duquet, F-75205 Paris Cedex 13, France. ∗
(Dated: July 16, 2018)
We build the general conformally invariant linear wave operator for a free, symmetric, second rank
tensor field in a d-dimensional (d > 2) metric manifold, and explicit the special case of maximally
symmetric spaces. Under the assumptions made, this conformally invariant wave operator is unique.
The corresponding conformally invariant wave equation can be obtained from a Lagrangian which
is explicitly given. We discuss how our result compares to previous works, in particular we hope to
clarify the situation between conflicting results.
PACS numbers: 04.62.+v
I. INTRODUCTION
In this paper we derive the most general conformally
invariant linear (second order) wave operator for a free,
symmetric, second order tensor field in a d-dimensional
spacetime (l.h.s. of Eq. (4) with coefficients (5)). We
compare this result with previous works, some of them
giving contradictory results.
The conformal transformation is of daily uses in many
areas of theoretical physics [1]. The conformal invariance
(see for instance [2]) or the conformal mapping, are fre-
quently used as a mathematical tool in the resolution of
differential equations. In particle physics it is often as-
sociated to masslessness and light-cone propagation, al-
though it is known for a while that this relation can be
broken in curved spacetime or d 6= 4 dimensions [3]. An
important instance is given by the hypothetical graviton,
which is expected to be a massless spin-2 particle despite
the fact that the Einstein equations, and their linearized
version, are not invariant under conformal transforma-
tions. This has been studied, in particular, by Grishchuk
and Yudin [4] in the fall of the seventies. The main conse-
quence of the non-conformality of the linearized Einstein
equations is that gravitational waves (and their possible
quantum counterpart) can be created in early Universe
as a result of the expansion [5, 6].
Although the linearized Einstein equations are not con-
formally invariant, it is natural to wonder if there is a con-
formally invariant wave equation for a symmetric second
order tensor field. Beside its intrinsic interest as a field
equation, it could be also interesting to study how such
an equation relates to other “spin-2” equations, in partic-
ular in conformally related spacetimes such as Robertson-
Walker spacetimes. This has been already considered
in [4] under some rather stringent assumptions, namely:
∇µh
µ
ν = 0 and h
µ
ν∇µ logΩ = 0, where hµν is the “spin-
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2” field and Ω the conformal factor. Recently, a wave
equation, in which these assumptions are relaxed, has
been proposed by Faci [7] as a byproduct of a method de-
signed for building conformally invariant equations from
Weyl geometry. In fact, such a wave equation, invari-
ant under an a priori smaller set of symmetries, has al-
ready been obtained in d dimensional spaces (d > 2) by
Nepomechie [8] in a work relating the low energy limit
of Einstein and Weyl Gravity. The case of conformally
covariant operators acting on traceless symmetric tensors
of arbitrary rank in d dimensions (d > 2) has been also
considered by Erdmenger and Osborn [9].
A first attempt to use some of these results led us to
question their reliability. Afterwards, a comparison be-
tween all these works showed us they disagree the ones
with the others. Therefore, we find it useful to clarify
the situation in order to have a reliable general confor-
mal wave equation for a symmetric second order tensor
field. Consequently, despite the existence of these works,
the present paper is devoted to the derivation of a Weyl
invariant wave equation for a symmetric second rank ten-
sor, or more precisely a Weyl invariant operator from
which the invariant equation follows.
We find that this operator (l.h.s. of Eq. (4) with coef-
ficients (5)) is basically that found earlier by Nepomechie
[8]. Our work shows in addition that this operator is the
most general and the only possibility under the assump-
tions made, it makes explicit it’s Weyl invariance, and
extends it to the case of dimension d = 2. This opera-
tor is found to agree with that of Grishchuk and Yudin
[4] when the same constraints are applied. There is mild
discrepancies, with the result of Faci [7], and a deeper dis-
agreement with the equation deduced from the work of
Erdmenger and Osborn [9]. In particular, this last work
seems to provide an example of an invariant Lagrangian
supplemented with an invariant constraint which leads to
non-invariant Euler equations. We explain this somehow
unexpected situation.
Finally, let us point out that since no restrictions are
applied to the second rank symmetric tensor field we con-
2sider, it is not a true spin-2 field (although this misnomer
is sometimes encountered in the literature). In particu-
lar, it is worth noting that it contains ghosts.
The paper is organized as follows. In Sec. II we derive
the conformal wave equation for dimensions d > 2 includ-
ing the specialization to maximally symmetric spaces.
The special case of d = 2 is addressed in Sec. III. The
Sec. IV is devoted to the comparison with the earlier
results mentioned above. We conclude in Sec. V. Since
a large part of this work rests on explicit calculations we
give for convenience some details and hopefully reliable
reference formulas, including the adopted conventions, in
appendices.
II. CONFORMALLY INVARIANT WAVE
EQUATION
Let us consider a conformal mapping between two d-
dimensional metric manifolds (M, g) and (M, g), the two
metrics g and g being related through gµν = Ω
2(x)gµν .
The conformal factor Ω being a positive well behaved
function defined onM. As usual we denote by a bar the
transformed quantities. We are looking for a conformally
invariant wave equation for a free second rank symmet-
ric tensor of conformal weight r. By wave equation we
mean a differential second order homogeneous equation
in which the coefficient of the term hµν = g
αβ∇α∇βhµν
is one and such that its other coefficients can contain ex-
clusively the polynomial combinations of the metric ten-
sor, the Riemann tensor and their contractions: the Ricci
tensor and the Ricci scalar.
Under the above hypothesis, the most general confor-
mally invariant equation can be obtained with the same
approach than that of Grishchuk and Yudin [4]. Before
reminding the main steps of this derivation, let us remark
that the invariant object built is indeed a conformally in-
variant operator, that is an operator E acting on a field
ψ with some conformal weight r, i.e.ψ = Ωrψ, such that
under the conformal mapping gµν = Ω
2(x)gµν one has
E ψ = ΩqEψ, q being a conformal weight, E having the
same form as E . For such an operator the corresponding
equation Eψ = 0 is conformally invariant, that is having
a solution of the equation is equivalent to having a solu-
tion of its transform E ψ = 0. Note that the converse is
not true in general.
Let us turn now to the derivation. The general form
for a covariant equation of a second rank tensor reads:(
F
σαβρ
µν ∇σ∇ρ + P
αβρ
µν ∇ρ + U
α β
µν
)
hαβ = 0 (1)
where, taking into account the assumption made above,
the tensors F, P, U are polynomial combinations of the
metric gµν the Riemann tensor Rµαβν and their contrac-
tions. Since no tensor with an odd number of indices can
be built from such a combination we have P = 0. Now,
Eq. (1) is assumed to be symmetric in its free index µν.
In addition, the identity
[∇µ,∇ν ]hαβ = R
ǫ
αµνhǫβ +R
ǫ
βµνhαǫ, (2)
allows us to keep the symmetric part in ρσ of (∇σ∇ρ)hαβ
in the F term and to include its antisymmetric part into
the U term. Finally, F
σαβρ
µν is symmetric in µν, αβ
(since hαβ is symmetric), and ρσ; the tensor U
α β
µν is
symmetric in µν and αβ.
Under the conformal transformation gµν = Ω
2(x)gµν ,
the l.h.s. of Eq. (1), in order to be conformally invariant,
has to transform into itself (without the bar) times a fac-
tor Ωq, q being a conformal weight. Since we assume the
presence of the term  hµν , this determines the value of
q. The conformal transformation of hµν is given in ap-
pendix B, one has q = (r − 2). For consistency, all other
terms appearing in Eq. (1) have to transform with the
same overall factor. This condition combined with the
considerations of symmetry of the above paragraph al-
lows us to determine all the terms contained in F and U .
Without additional assumption about hµν , the terms
appearing in F are δ
σ
µδ
ρ
νg
αβ , gµν g
σρ gαβ , and all the
terms symmetrized in µν, σρ and αβ. In the same way,
the tensor U is built on the terms gµνR
αβ
, Rµν g
αβ ,
Rgµνg
αβ , R δ
α
µδ
β
ν , R
α β
µν and all the terms symmetrized
in µν and αβ. Collecting all the contributions to the
terms F and U allows us to cast the Eq. (1) under the
form
hµν + aRhµν + b
(
Rµα h
α
ν +Rνα h
α
µ
)
+ cgµνRαβ h
αβ
+ e
(
∇α∇µ h
α
ν +∇α∇ν h
α
µ +∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+ pRµαβνh
αβ
+ fgµν∇α∇β h
αβ
+ kgµνh
+ l
(
∇µ∇ν +∇ν∇µ
)
h+mgµνRh+ nRµνh = 0,
in which a, b, . . . ,m, n are unknown coefficients and h :=
hαα is the trace of hµν . Thanks to the relation[
∇α,∇µ
]
h
α
ν = R
α
σµαh
σ
ν −R
σ
νµαh
α
σ,
= −Rµσh
σ
ν −Rµασνh
ασ
,
(3)
and the symmetries of the Riemann tensor, the term
whose coefficient is e rewrites
+ 2e
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
− e
(
Rµαh
α
ν +Rµαh
α
ν
)
− 2eRµαβνh
αβ
.
Then, after a redefinition of the coefficients b, e and p
the equation becomes
 hµν + aRhµν + b
(
Rµα h
α
ν +Rνα h
α
µ
)
+ cgµνRαβ h
αβ
+ e
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+ pRµαβνh
αβ
+ fgµν∇α∇β h
αβ
+ kgµν h
+ l
(
∇µ∇ν +∇ν∇µ
)
h+mgµνRh+ nRµνh = 0,
(4)
3A straightforward but rather lengthy calculation gives
the conformal transformation of the above Eq. (4).
The transformation of each term is detailed in the Ap-
pendix B. Under conformal mapping each term of Eq.
(4) transforms as X = Ω(r−2) (X + . . .). In order to be
invariant under conformal transformations the additional
terms have to cancel out. This translates into a system of
equations for the coefficients. That system admits solu-
tions which, for d > 2, are parametrized by the dimension
d and the two coefficients k and p which are found to be
unconstrained. The details of both the system and its
resolution are given in Appendix C. The solutions read
a =
4(d+ 1)− d2 + 4p
4(d− 1)(d− 2)
, b = −
p+ 2
d− 2
,
c =
pd+ 4
(d− 2)d
, e = −
4
d+ 2
,
f =
8
d(d+ 2)
, l =
f
2
, (5)
r =
6− d
2
, n = c,
m = −
8
(d− 1)(d2 − 4)
−
p
(d− 1)(d− 2)
−
k
4
d− 2
d− 1
,
where we recall that r is the conformal weight of hµν .
The l.h.s. of Equation (4) with the above values of the
coefficients a, b, . . . , n is the only conformally invariant
wave operator in a general spacetime of dimension d > 2.
Note that hµν can be traceless or not.
Remark that if, using the above results, one factors out
the terms in p and k in Eq. (4) one obtains
 hµν + a
′Rhµν + b
′
(
Rµα h
α
ν +Rνα h
α
µ
)
+ c′gµνRαβ h
αβ
+ e
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+ pCµαβνh
αβ
+ f gµν∇α∇β h
αβ
+ k gµν
(
−
1
4
d− 2
d− 1
R
)
h+ l
(
∇µ∇ν +∇ν∇µ
)
h
+m′ gµνRh+ n
′Rµνh = 0.
(6)
In this expression, the prime denotes the coefficients in
which the contributions of p and k have been extracted
(that is a′ = a|p=0, etc.), and C is the conformal trans-
form of the Weyl tensor:
Cµαβν = Rµαβν −
1
d− 2
(gµβRαν − gαβRµν
+Rµβgαν −Rαβgµν)
+
R
(d− 1)(d− 2)
(gµβgαν − gαβgµν) .
The two terms whose coefficients are p and k in Eq. (6)
transform as
Cµαβνh
αβ
= Ω(r−2)Cµαβνh
αβ ,
gµν
(
−
1
4
d− 2
d− 1
R
)
h = Ω(r−2)gµν
(
−
1
4
d− 2
d− 1
R
)
h,
and thus do not alter the conformal invariance, which is
consistent with the arbitrariness of p and k. Note that
since for d = 3 the Weyl tensor vanishes identically, the
p term carries no supplementary degree of freedom and
could be, in that case, dropped from Eq. (6).
We remark finally that one can derive the conformal
equation (4) from the following Lagrangian
L =
√
|g|
{
1
2
(∇αhµν)
2 −
a
2
R(hµν)
2 − bR βα h
ανhνβ
− cRαβh
αβh+ e∇αh
αν∇βhνβ +
p
2
Rµαβνh
µβhαν
+f∇αh
αβ∇βh+
k
2
(∇αh)
2 −
m
2
Rh2
}
.
We point out for future reference that setting h = 0 in
this Lagrangian before obtaining the Euler equations do
not lead to the traceless version of Eq. (4).
Maximally symmetric spaces
In a maximally symmetric space, the Riemann tensor
and its contractions reduce to
Rµαβν = κ (gµβgαν − gµνgαβ) ,
Rµν = (d− 1)κgµν , (7)
R = d(d− 1)κ,
where κ is a constant. If the space (M, g) is a maximally
symmetric space, the use of the above formulas together
with the expression of the coefficients a, b, . . . , n allows us
to recast the conformally invariant Eq. (4) in the form,
 hµν −
4
d+ 2
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+
8
d(d+ 2)
gµν∇α∇β h
αβ
−
d2 − 2d+ 8
4d(d− 1)
Rhµν
+ kgµν
(
−
1
4
(d− 2)
(d− 1)
R
)
h
+
4
d(d+ 2)
(
∇µ∇ν +∇ν∇µ
)
h
+
8
d2(d+ 2)(d− 1)
gµνRh = 0.
(8)
As an example, the above equation for a traceless field
in a four dimensional de Sitter background reads
hµν −
2
3
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+
1
3
gµν∇α∇β h
αβ
+ 4H2 hµν = 0,
4with H2 = −R/12. This is the only conformally invari-
ant linear wave equation on the de Sitter background for
a traceless second rank tensor hµν . This equation has
already been obtained in [3] in a different context (the
change from dS to AdS is obtained through the substi-
tution H2 → −H2).
III. THE DIMENSION d = 2
The d = 2 case is very different since the classical
geometrical tensors reduce to Eqs.(7) where κ is now a
scalar field. Under a conformal transformation, the rela-
tions (A1-A3) still apply with d = 2, and the Eqs.(7) are
also satisfied in the conformally related two-dimensional
space. Now, the procedure explained in Sec. II remains
correct from equation (1) to equation (4). The system
described in Appendix C is also valid, however the de-
tails of its resolution are different. Solving this system
and taking into account equations (7) leads to the d = 2
conformal wave equation:
 hµν −
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+ gµν∇α∇β h
αβ
−Rhµν + kgµν h+
1
2
(
∇µ∇ν +∇ν∇µ
)
h
+
R
2
gµνh = 0.
(9)
In this case the conformal weight r of hµν is found to
be equal to 2. As in d-dimension, one can choose hµν
traceless or not, moreover the coefficient k is still free.
That corresponds to the fact that the term h is, by
itself, conformally invariant.
IV. COMPARISON WITH OTHER WORKS
Let us first consider the Eq. (24) of the work of
Nepomechie [8]. A straightforward calculation using the
definitions of the quantities S˜ab, h˜ab and of the vielbein
e aµ shows that this equation is the same as Eq. (6)
with p = k = 0. In [8] this equation is shown to be
invariant under infinitesimal transformations which are
the dilations, the special conformal transformations and
the Lorentz transformations, that is the so(2, d) alge-
bra of the conformal group where the translations has
been excluded. In addition, the equation is by con-
struction invariant under the change of coordinates. Al-
though the Eq. (24) of [8] is not obtained directly from
a Minkowskian Lagrangian (what can be easily done) its
derivation (in particular the use of the gauge constraints
Eq. (14) of [8]) is very close to a so called Ricci gauging
which is known to imply the Weyl invariance [10]. This is
anyway confirmed by our result which shows in addition
that the Eq. (6) is unique.
We turn now to the Lagrangian derived by Erdmenger
and Osborn [9], Eq.(14) of their work, for traceless sym-
metric tensor field of arbitrary rank. For a (traceless)
second rank tensor field in d dimensions the correspond-
ing Euler equations reads
 hµν + a
′Rhµν + b
′
(
Rµα h
α
ν +Rνα h
α
µ
)
+ e
(
∇µ∇α h
α
ν +∇ν∇α h
α
µ
)
+ACµαβνh
αβ
= 0,
(10)
where A is the parameter defined in Eq. (12) of [9],
a′, b′, e are defined below Eq. (6). This equation is close
to the Eq. (6) for a traceless field with p = A. The
two terms whose coefficients in Eq. (6) are c′ and f are
missing. Using formulas of Appendix B an inspection of
the transform of each term present in Eq. (10) show that
the operator defined in the l.h.s. fails to be conformally
invariant. This comes from the fact that the conformally
invariant constraint h = 0 has been already imposed in
the Lagrangian, Eq.(14) of [9]. Indeed, the Eq. (6) of the
present paper can be derived from the Lagrangian
L =
√
|g|
{
1
2
(∇αhµν)
2 −
a′
2
R(hµν)
2 − b′R βα h
ανhνβ
− c′Rαβh
αβh+ e∇αh
αν∇βhνβ +
p
2
Cµαβνh
µβhαν
+f∇αh
αβ∇βh+
k
2
(∇αh)
2
−
1
2
(
m′ −
k(d− 2)
4(d− 1
)
Rh2
}
,
which gives, up to an irrelevant factor two, the Eq.(14)
of [9] for h = 0. It is apparent on this expression that the
terms which are missing in Eq. (10) in order to be confor-
mally invariant come from the two terms with coefficients
c′ and f , both mixing the trace with hαβ . These terms
do contribute to Eq. (6), even for h = 0. This explains
why the conformally invariant Lagrangian of Erdmenger
and Osborn, supplemented with the conformally invari-
ant condition h = 0 leads to the non-conformally invari-
ant Eq. (10). In order to obtain conformally invariant
Euler equations, the constraint has to be imposed after
the derivation of the equations, that is to say after the
functional derivative of the action has been done. Now,
taking the trace of Eq. (10) and using the expression of
the coefficients b′, c′, e and f leads to :
c′gµνRαβ h
αβ
+ f gµν∇α∇β h
αβ
= 0.
A solution of Eq. (10) will always satisfy this equation.
Thus the set of solutions of (10) is contained in the set of
solutions of our conformally invariant operator of Eq.(6).
Let us now compare our results for d = 4 with that of
Grishchuk and Yudin [4]. To this end, we first take into
account the two constraints
h = 0, ∇αh
α
µ = 0, (11)
into Eq. (4) which rewrites
 hµν + aRhµν + b
(
Rµα h
α
ν +Rνα h
α
µ
)
+ cgµνRαβ h
αβ
+ pRµαβνh
αβ
= 0.
(12)
5Following the remark about invariant terms in Sec. II we
can add to this equation the term (−p+ d˜)Cµαβνh
αβ
, d˜
being here the arbitrary parameter appearing in the Eq.
(47) of [4]. We then recover this expression up to the co-
efficient of the term gµνRαβ h
αβ
which is found to take
on the value 1/2 in the present treatment. This difference
comes from the fact that in [4] it is assumed, in addition
to the above conditions (11) that Wαh
α
µ = Wαh
α
µ = 0,
where W := d logΩ2, in order to maintain the “transver-
sality condition”: ∇αh
α
µ = 0. Indeed, the resolution of
the system of equations given in appendix C shows that
the coefficient c is determined through Eqs. (C8, C9).
The equation (C8) precisely refers to the termWαh
α
µ = 0,
which appears in the conformal transformation of the Eq.
(4) in the terms (B1-B4). Thus, this is the condition
Wαh
α
µ = 0 which allows the coefficient of gµνRαβ h
αβ
to
be free in [4].
Finally, one can also compare our results for d =
4 with the more recent work of Faci [7] Eq. (44).
Note that, to this end, one should recast the term
∇µ∇νh in the equation of [7] under the symmetric
form (1/2)
(
∇µ∇ν +∇ν∇µ
)
h. These two expressions
are equal as can be verified thanks to the formula (2).
Then, one almost recovers the result of [7] by first adding
to Eq. (4) the invariant term λCµαβνh
αβ
, λ being the
arbitrary parameter appearing in the Eq. (44) of [7], and
then setting p = −1 and k = −1/3 in the coefficients
listed above. The discrepancies are the value of factors e
and p equal respectively to 1/3 and 1 in [7] versus −2/3
and −1 in the present work. Consequently, according to
our Eq. (6), the operator appearing in Eq. (44) of [7] is
not conformally invariant.
V. CONCLUSION
In this article we have obtained the conformally invari-
ant linear wave operator for a free, symmetric, second
rank tensor field in a d-dimensional (d > 2) metric mani-
fold. This result extends in some respects (unicity, d = 2,
explicit Weyl invariance) the result already obtained by
Nepomechie [8]. Giving this operator we hope to clar-
ify the situation amongst contradictory results present in
the literature. In this context we explain, in particular,
why the conformally invariant Lagrangian of Erdmenger
and Osborn[9], supplemented with the conformally in-
variant condition h = 0 leads to a non-conformally in-
variant equation.
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Appendix A: Conventions and some formula
Throughout this paper we use the following convention
for the Riemann tensor
Rν αµγ = ∂µΓ
ν
γα − ∂γΓ
ν
µα + Γ
ρ
γαΓ
ν
µρ − Γ
ρ
µαΓ
ν
γρ.
The Ricci tensor and Ricci scalar are: Rµν = R
α
µαν and
R = Rµµ. Under a rescaling of the metric gµν = Ω
2(x)gµν
one has, with Wµ := ∇µ log Ω
2.
R
µ
αβν = R
µ
αβν −
1
2
(
δµβ∇νWα − δ
µ
ν∇βWα
)
+
1
2
(gαβ∇νW
µ − gαν∇βW
µ)−
1
4
Wα
(
δµνWβ − δ
µ
βWν
)
+
1
4
Wµ (gανWβ − gαβWν) +
1
4
W 2
(
gαβδ
µ
ν − gανδ
µ
β
)
,
(A1)
Rµν = Rµν −
d− 2
2
∇νWµ −
1
2
gµν∇ ·W +
d− 2
4
WµWν
−
d− 2
4
gµνW
2,
(A2)
Ω2R = R− (d− 1)∇ ·W −
1
4
(d− 1)(d− 2)W 2. (A3)
Note that the conformally invariant equation for a scalar
(of weight −(d− 2)/2) reads with the above convention(
−
1
4
d− 2
d− 1
R
)
φ = 0.
Appendix B: Weyl transformation of the terms of
Eq. (4)
We give here the transformation rules in d dimension
for all the term which enter the Eq. (4). The conformal
weight of hµν is r.
Ω2−r hµν = hµν +
2r + d− 6
2
W · ∇hµν
+
1
2
[
(
r
2
− 1)(r + d− 2)− r + 1
]
W 2hµν
+ (
r
2
− 1)∇ ·Whµν − (Wµ∇αh
α
ν +Wν∇αh
α
µ)
+Wα(∇µh
α
ν +∇νh
α
µ)−
d
4
Wα(Wµh
α
ν +Wνh
α
µ)
+
1
2
gµνWαWβh
αβ +
1
2
WµWνh.
Ω2−rRhµν = Rhµν − (d− 1)∇ ·Whµν
−
1
4
(d− 1)(d− 2)W 2hµν .
6Ω2−r(Rµαh
α
ν +Rναh
α
µ)
= Rµαh
α
ν +Rναh
α
µ
−
d− 2
2
(
hαµ∇αWν + h
α
ν∇αWµ
)
+
d− 2
4
Wα(Wµh
α
ν +Wνh
α
µ)
−∇ ·Whµν −
d− 2
2
W 2hµν .
Ω2−rRµαβνh
αβ
= Rµαβνh
αβ −
1
4
gµνWαWβh
αβ
+
1
2
gµνh
αβ∇αWβ −
1
4
W 2hµν
−
1
2
(
hαµ∇αWν + h
α
ν∇αWµ
)
+
1
4
Wα
(
Wµh
α
ν +Wνh
α
µ
)
−
1
4
h
(
WµWν − 2∇µWν − gµνW
2
)
.
(B1)
Ω2−rgµνRαβh
αβ
= gµνRαβh
αβ −
d− 2
2
gµνh
αβ∇αWβ
+
d− 2
4
gµνWαWβh
αβ −
1
2
gµνh∇ ·W
−
d− 2
4
gµνhW
2.
(B2)
Ω2−rgµν∇α∇βh
αβ
= gµν∇α∇βh
αβ
+ (r + d− 3)gµνWα∇βh
αβ
+
r + d− 2
2
r + d− 4
2
gµνWαWβh
αβ
+
r + d− 2
2
gµνh
αβ∇αWβ
−
1
2
gµνW · ∇h−
1
2
gµνh∇ ·W
−
r + d− 4
4
gµνhW
2.
(B3)
Ω2−r(∇µ∇αh
α
ν +∇ν∇αh
α
µ) = (∇µ∇αh
α
ν +∇ν∇αh
α
µ)
+
r − 4
2
(
Wµ∇αh
α
ν +Wν∇αh
α
µ
)
+ gµνWα∇βh
αβ
+
r + d− 2
2
Wα(∇µh
α
ν +∇νh
α
µ)
+
r + d− 2
2
r − 4
2
Wα(Wµh
α
ν +Wνh
α
µ)
+
r + d− 2
2
(
hαµ∇αWν + h
α
ν∇αWµ
+gµνWαWβh
αβ
)
−
1
2
(Wµ∇ν +Wν∇µ)h− h∇µWν
−
1
2
gµνhW
2 −
r − 4
2
WµWνh.
(B4)
Ω2−r(∇µ∇ν +∇µ∇ν)h = (∇µ∇ν +∇µ∇ν)h
+ (r − 3)(Wµ∇ν +Wν∇µ)h+ (r − 2)h∇µWν
+
(r − 2)(r − 4)
2
WµWνh+ gµνW · ∇h
+
r − 2
2
gµνhW
2.
Ω2−rgµνh = gµνh+
2r + d− 6
2
gµνW · ∇h
+
1
2
[
(
r
2
− 1)(r + d− 2)− r + 2
]
gµνhW
2
+ (
r
2
− 1)gµνh∇ ·W.
Ω2−rgµνRh = gµνRh− (d− 1)gµνh∇ ·W
−
(d− 1)(d− 2)
4
gµνhW
2.
Ω2−rRµνh = Rµνh−
d− 2
2
h∇µWν −
1
2
gµνh∇ ·W
+
d− 2
4
WµWνh−
d− 2
4
gµνhW
2.
7Appendix C: Determination of the coefficients of
Eq. (4)
The system of equations for the coefficients of Eq. (4)
to ensure conformal invariance reads
1
2
(( r
2
− 1
)
(r + d− 2)− r + 1
)
−
a
4
(d− 1)(d− 2)
−b
d− 2
2
−
p
4
= 0
(C1)(r
2
− 1
)
− a(d− 1)− b = 0
(C2)
1 + e
r + d− 2
2
= 0
(C3)
−1 + e
r − 4
2
= 0
(C4)
−
d
4
+
1
4
b(d− 2) +
p
4
+
1
4
e (r + d− 2)(r − 4) = 0
(C5)
−
1
2
b(d− 2)−
p
2
+
1
2
e(r + d− 2) = 0 (C6)
2r + d− 6
2
= 0 (C7)
1
2
−
p
4
+ c
d− 2
4
+
e
2
(r + d− 2)
+f
r + d− 2
2
r + d− 4
2
= 0 (C8)
p
2
− c
d− 2
2
+ f
r + d− 2
2
= 0 (C9)
e+ f(r + d− 3) = 0 (C10)
1
2
−
p
4
−
1
2
(r − 4)e+
1
2
(r − 2)(r − 4)l+
1
4
(d− 2)n = 0
(C11)
p
2
− e+ (r − 2)l−
1
2
(d− 2)n = 0
(C12)
p
4
−
1
4
(d− 2)c−
1
2
e−
1
4
(r + d− 4)f +
1
2
(r − 2)l
+
1
2
(( r
2
− 1
)
(r + d− 2)− r + 2
)
k
−
1
4
(d− 1)(d− 2)m−
1
4
(d− 2)n = 0
(C13)
−
1
2
c−
1
2
f +
(r
2
− 1
)
k − (d− 1)m−
1
2
n = 0 (C14)
−
1
2
e+ (r − 3)l = 0 (C15)
−
1
2
f + l +
1
2
(2r + d− 6)k = 0. (C16)
The equations (C1) to (C4), can be solved to give a, b, e
and r as functions of d and p. The relations (C6) to (C7)
are then satisfied. The equations (C8-C9) can then be
solved to give f as a function of d and c as a function of d
and p. The remaining equations (C11-C16) are concerned
by the terms of Eq.(4) containing the trace h. From
Eq. (C15) one obtains l as a function of d, Eqs. (C11)
then gives n as function of d and p. The Eq. (C12) is
then always satisfied. The Eqs. (C13-C14) are found to
be identical, one can then solve (C13) to obtain m as a
function of d, p and k which remain free. The second
term of the last equation (C16) vanishes identically and
the remaining relation between f and l is satisfied. The
solutions are collected in Sec. II.
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